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Kaolinite specimens prepared with organic molding fluids demonstrated successful
application of the electrokinetics in transport of the benzene, toluene, ethylene and m-
xylene compounds (Bruell et a1. 1992; Segal et a1. 1992). High degrees of removal of
phenol and acetic acid were also observed by Shapiro and Probstein (1993). Acar et aL
(1992) reported removal of phenol from saturated kaolinite. Wittle and Pamukcu (1993)
and Pamukcu (1994) investigated removal of organics such as chlorinated hydrocarbons
and PAHs from different soil types.
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CHAPTER 3
THE ELECTROKINETIC DECONTAMINATION PROCESSES
3.1 Lab Experiments
Electrokinetic decontamination involves complex physical and chemical processes.
Previous and current research has made better understanding of the processing. through
large amount of lab ~xperiments and careful analysis of the data. Although there exist
differences in both equipment set-up and concentration of contaminants used among these
bench-scale laboratory tests, all investigations show results consistent with the basic
theory; describe different, if not similar, aspects of the processes; and contribute to the
development of this technology.
3.1.1 The Electrokinetic Apparatus
Due to different research approach, there is no standard apparatus for measuring
electrokinetic flow in soil. Schematic diagram of one equipment developed and used in
Lehigh University by Pamukcu and co-workers are given in previous publications (Wittle
and Pamukcu 1992; Pamukcu and Wittle 1994).
A one-dimensional consolidometer, a dedicated compression unit is used for
21
electrokinetic test specimen preparation as shown in Figure 3.1. It applies small
increments of sustained stress and allows the excess fluid to drain out of the soil slowly.
Homogeneous, near-saturated soil matrices compacted to a constant density and pressure
are obtained using this equipment. The densified soil sample is packed into a cylindrical
soil chamber in the unit, which may be easily pulled out after consolidation and then
mounted in the electrokinetic cell without disturbance. Detailed operation of the unit is
presented by Wittle and Pamukcu (1992).
The electrokinetic apparatus consists of a tube to hold the soil sample, a pair of
electrodes constructed of graphite rods and placed inside liquid holding reservoirs at ends
of the tube, pieces of porous stones to separate soil from liquid reservoirs, arid other items
for the convenience of measuring flow and potential (Figure 3.2). Wilkowe (1992)
presents detailed description of the electrokinetic apparatus (E-K apparatus).
3.1.2 Sample Preparation and Sampling
Pamukcu and Wittle (1992) have explained the sample preparation process in
detail. Here is a brief summary:
Contaminated clay slurries (laboratory-prepared soil specimens) are poured into the
consolidation unit. The slurries are consolidated under a pre-selected final pressure (i.e.
200kPa). An incremental pressure is applied to approach this during the consolidation
process. Clay samples is compressed into compact water saturated soil cylinders.
The soil cylinder is then removed from consolidometer, weighted, and sampled,
and mounted into E-K apparatus. When all set-up is completed with electrical and water
connections and the air bubbles are removed from the electrode chambers, the
electrokinetic unit is ready for experiment.
22
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Figure 3.1 Consoli~ation Apparatus
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Figure 3.2 Schematic Diagram of the Electrokinetic Apparatus
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3.1.3 Electrokinetic Testing
---.
Laboratory investigations can be categorized into two groups. One often
performed electrokinetic test tends to obtain a large database by observing the migration
trend of each contaminant in the soil sample. This kind of tests is helpful in evaluating
the efficiency of electrokinetic removal of various metal species and organic compounds.
The other tests are more specified which tend to concentrate on the critical parameters of
the process and try to prevent the development of unfavorable factors and enhance the
efficiency of this technology. Some chemical or physical enhancement methods are often
applied in these tests. pH control and use of surfactants are examples of these measures.
In all E-K tests by the Lehigh researchers, the E-K cell is operated under constant
potential. Time-dependent water movement through the soil can be measured on the
inflow and outflow tubes on the control panel of the test. The voltage in soil and the
current generated are measured simultaneously with the flow measurements. Small
amount of electrode chamber waters are sampled at different time periods during a test,
and their pH readings are taken. These samples, as well as those collected at the end of
experiment, are analyzed for the particular contaminant extracted. Soil specimens are also
collected at different measuring points for quantitative analysis.
Detailed testing process is discussed by Pamukcu et al. (1992).
3.2 Observations and Considerations
Electrokinetic processing involves various physical-chemical phenomena. Coupled
flow generated in the process effects the contaminating ion/particle removal, and the
efficiency of this technology. The physical and chemical properties of soils, contaminants,
25
and pore fluids play important roles in this technology's removal efficiency. Some major
considerations are discussed below.
3.2.1 General Description of Transport Mechanism
Advection of pore fluid due to electroosmotic flow and internally or externally
applied hydraulic potential differences, diffusion from concentration gradients, and ion
migration due to electrical gradients, together, form the transport mechanism for the
movement of contaminants through electrokinetic decontamination. The coupled processes
drive an acid front generated by electrolysis that advances across the soil sample and
results in desorption of contaminant cations from the soil particle surfaces. These cations
along with other ions in the pore fluid flow to the oppositely charged electrode.
A schematic diagram of electroosmotic flow is given in Figure 3.3 .
3.2.2 Electrolysis and Acid Front
Electrolysis reactions dominate the chemistry at the electrodes and soil/electrode
interfaces, and directly influence the electrokinetic processing if no external factors control
the chemistry of the process water. When electrolysis of water takes place, water
molecules are disassociated into their ionic components and following equations describe
the process, at anode and cathode site, respectively:
26
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This results in reduction of pH at the anode site and increase of pH at cathode site.
We should consider these electrolysis reactions at electrodes together with the mass flux
of species in the electric field. Since the mobility of the hydrogen under electrical field
is about two times the hydroxyl ion mobility, hydrogen can dominate over hydroxyl ion
in the system (Acar and Alshawabkeh, 1993). So in unenhanced electrokinetic
remediation, an acid front will be formed and flush through the soil sample. The
hydrogens meet the hydroxyl ions close to the cathode compartment, generating water.
within that zone ( Figure 3.4 ).
The sweep of the acid front across the soil mass has brought many influences to
the decontamination process. This pH gradient developed from anode to cathode may
assist in desorption of the cationic species concentrated on the soil surface. It also causes
the ionic conductivity to decrease significantly. A high pH at cathode end causes soluble
contaminants to precipitate out of solution as hydroxide salts in the soil pores approach
the interface of soil and electrode water. This can be preverited by using solubility
enhancement and conditioning schemes.
Hydrogen transports to the cathode, carrying water and contaminants with,
changing physical and chemical properties of the soil partides, pore fluids, and metal ions.
This composes the basis of electrokinetic processing. If a suitable pH condition can be
maintained throughout the soil sample, so that metals remain in solubilized condition and
the soil affinity for these metals is low, then a higher degree of contaminant removal
could be reached.
3.2.3 pH and Redox Potential
Redox potential refers to the reduction and oxidation reaction capacity. Redox
potential of an ion is directly or indirectly influenced by local electrical field strength, ion
28
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concentration, and pH environment in the pore fluid. The pH-redox conditions at any
point during the treatment would determine the solubility and speciation of most heavy
metal constituents. These conditions may limit or enhance the movement of the metals
to an electrode site. Building a relationship between redox potential and metal speciation
is very helpful to determine the fate of metal ions during an electrokinetic treatment.
3.2.4 Effect of Zeta Potential
We have defined zeta (0 potential as the electrical potential at the junction
between the fixed and mobile parts of electrical double layer. (potential is influenced
by the type and concentration of the electrolytes added to the particle suspension. (for
clay soils is usually negative because of the net negative charge on clay particle surfaces.
But it highly depends on pore fluid chemistry, i.e., hydrogen and hydroxyl ions are the
potential determining ions, therefore lower pH will reduce ( in magnitude for clays. At
low enough pH, ( may become positive. Hunter and James (1992) observed that
adsorption of partially hydrolyzed metal cations such as Co2+, Cd2+, and Cu2+ cause (
reversals for kaolinite. Figure 3.5 illustrates the relationship of ( vs pH for kaolinite. As
the concentration of hydrolyzable metal ions increases, ( becomes more positive at low
pH levels due to the increased cations. The double layer is compressed and the
negatively charged surface is diminished. The effect is largest at an intermediate pH,
slightly above which precipitation of metal hydroxide would be expected in the bulk
solution.
Change of ( potential will have a direct effect on the rate of electroosmotic flow.
Electroosmotic permeability is influenced by the volume average of the zeta potential (
Probstein and Hicks, 1993 ) (also see equation 4-18). Due to the influence of sorption
of hydrolyzable metal ions, the sign reversal of zeta will make the electroosmotic flow
not significant in soils with high concentration of heavy metals. In this case, and also for
saline soils, electromigration becomes the dominant mechanism of decontamination.
30
+30
increasing concentration
of hydrolysable metal ions
~ 0
-10
-30
..-
>
.s 10
__ increasing pH ~
Figure 3.5 Schematic Illustration of The Zeta Potential Behavior of
Kaolinite in The Presence and Absence of Hydrolysable
Metal Ions ( After West and Stewart 1995 )
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3.2.5 Enhancement and Conditioning
As we have discussed, there are various physical and chemical enhancement
methods applicable to the electrokinetic process. A common approach is to inject
chemical conditioners at the anode or the cathode. Low concentration acetic acid may be
introduced at the anode and cathode to depolarize the cathode reaction. Acetic acid is
environmentally safe and most acetate salts are soluble. Acar and Alshawabkeh (1993)
gave a detailed explanation on why depolarizing both the cathode and anode reactions
could benefit the E-K processing.
Generally, the objectives of chemical conditioners are to remove or avoid the
precipitates in the cathode compartment, to slow down the increase of hydrogen ion
concentration in the anode compartment, to increase solubility and desorption of metal
ions, or to avoid the dissolution and release of silica, alumina, and heavy metals
associated with the cia¥- mineral sheets. In the latter case, the use of calcium hydroxide
is proposed.
One other option is using chelating agents to complex the metal into a stable form.
The complexing agent is expected to bond with the contaminant and prevent the ions from
being adsorbed onto the surface of the soil particles. Probstein (1994) explored the use
of EDTA in extracting zinc by E-K processing. Wittle and Pamukcu (1993) chose EDA
(Ethylenediamine) as a chelating agent in their studies. They showed that the addition of
EDA dramatically increased the current efficiency (volume of flow / quantity of
electricity) of the E-K process for metal decontamination. Surfactant treatment is often
necessary for organic contaminants. Micelles may be an effective enhancement measure
for the removal of polar organic compounds.
Physical enhancement is to increase the migration potential of contaminants by
either increasing the temperature of the pore fluid (thermal enhancement) or applying low
amplitude-high frequency shear or acoustic waves through the soil sample (wave
32
enhancement). The first one aims to introduce a significant pore pressure quickly thus
increase flow rate due to increased water pressure, and promote ion and organic
. \
. \
dissolution. The second measure also causes a progressive increase in the pore water
<r
pressure, and, may possibly loosen contaminants that may be in the form of colloids or
micelles away from the clay surfaces by the particle vibration imparted.
3.3 Other Pertinent Considerations
Physico-chemistry of particles and the chemical environment is important in the
electrokinetic decontamination process. These properties, such as cation exchange
capacity, surface charge density, zeta potential, and dielectric constant, are dependent on
particle surface characteristics. Their combined influence to the efficiency of E-K
processing is great yet a very complex one. Better understanding of these basic concepts
is required to develop effective soil decontamination technology. We have discussed the
pH and zeta potential before. Several other concerns are as the following.
3.3.1 Cation Exchange Capacity
Cation exchange capacity (CEC) is a measure of the degree of the isomorphous
substitution. It is the basic phenomena in development of electric charges which affects
the flocculation and dispersion process in the clay systems. Cations are attracted and held
onto the surfaces and edges to preserve electrical neutrality. These cations can be
replaced by cations of other type.
CEC is defmed as the quantity of counter ions in the zone adjacent to the charged
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surface that can be exchanged for other ions, always expressed as equivale~t moles of
exchangeable monovalent cations in milliequivalent (meq) per lOOg of clay. CEC can be
considered a material constant for a given clay. The existence of organic substances, soil
particle size, and lattice distortion all affect the magnitude of the CEC. CEC for clay
reduces with increasing acidity, increases with increasing ionic strength, and is higher in
non-aqueous than in aqueous solvents (Ferris and Jepson, 1975). For strongly sorbed
contaminants, decontamination is fast where concentration levels exceed the cation
exchange capacity.
Holdridge (1966) studied the sorption of heavy metal cations by clay. Normal
cation exchange reactions accounted for a limited proportion of the sorption, but
preferential adsorption on the surfaces was responsible for the removal of cations from
solution in excess of CEC of the clay.
3.3.2 Electrical Conductivity
The electrical conductance of a colloidal solution comes from the movement of
charged colloidal particles and the ions present in the solution. According to Khan's
(1991) modified theory of electroosmotic flow (Equation 2-2), the electrical conductivity
of a soil can be split into two parts: conductivity of clay surfaces and conductivity of the
pore water.
Migration of ions to the electrodes with opposite charge is the basic phenomena
when a DC current is added to a soil. The bulk conductivity of soil is dependent on
concentration and mobility of the ions present. Increasing electrolyte concentration will
increase the electrical conductivity, thus for a constant current, the electrical potential
differences will decrease, so will the electrokinetic flow.
Due to electrolysis reactions, the electrolyte concentration inside a porous medium
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will rise during the E-K process, resulting in increased conductivity in the vicinity of the
anode. Hydrogen ions transfer towards the cathode saturate both the pore fluid and the
double layer within the zone close the anode. When the cathode compartment is
approached, H+ and other cationic species meet the OH- and form water and precipitation,
decreasing the bulk and pore fluid conductivity near the cathode. As a consequence of
lower conductivity, the electric gradients within this zone will increase. This will
decrease the efficiency of the E-K processing. This effect may be minimized by
controlling the electrode chemistry.
3.3.3 Dielectric Constant
Based on the electrical double-layer theory, a shift of ions within the diffuse layer
by an external electrical field would result in a dielectric dispersion. Counterions on the
-
surface of the highly charged colloidal particle are strongly bounded by the electrostatic
attraction, but ions in the diffuse layer can be moved by an external field, polarizing the
ion atmosphere and producing an electric dipole moment of the particle.
In aqueous colloidal solutions, the presence of electrolyte may cause conductivity
difference. Dielectric properties could be affected by electrolyte in two ways: the ions
may associate and produce ion pairs; ions or their aggregates could influence the solvent's
molecular interactions. Debye (1936) indicated that, in electrolytes, very intense fields
would be set up around small size ions.
Suspensions of colloidal particles in aqueous electrolyte solutions usually have
high dielectric constants at low electro-magnetic frequencies. Low frequency dielectric
dispersion is due to the relaxation of double layer polarization. And, low frequency
dielectric constant of suspensions is strongly dependent on the zeta potential of the
particles (Dukhin and Shilov, 1974). Dielectric constant of Na-mont-morillonite
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suspensions responded well to the frequency, while the dilute suspension of kaolinite
which is a non-swelling clay showed no dielectric enhancement according to the research
of Raythatha and Sen (1986).
Dielectric constant of the soil pore solutions is a key factor in determining both
ionic mobilities and electroosmotic permeabilities. Electroosmotic velocity is positively
proportional to the value of the dielectric constant as shown in equation 4-17. When an
ion is present in a solution at limited concentration (not a dilution), it would be influenced
by its dielectric diffusion. Its mobility is thus connected with the dielectric constant. The
influence of the dielectric constant toward the equivalent ionic mobility is described in
equation 4-12.
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CHAPTER 4
THEORETICAL DEVELOPMENT OF THE ELECTROKINETIC
TRANSPORT MODEL
4.1 A Brief Overview
4.1.1 Introduction
Electrokinetic decontamination experiments may be a time-consuming process,
especially when it is applied to a fine grained soil. While bench-scale experiments help
us get first-hand data, it is not effective enough to prove that the electrokinetic (E-K)
technology is suitable for field application. Often due to the complexity of the
contaminating compounds and the lack of funds, we may not be able to conduct pilot
scale tests as many as necessary. Actually, very few large-scale field tests have been
done or currently are undertaken. This leaves the technology not convincing enough to
the industry.
Laboratory observations help to understand better the process. We can thus draw
principles out of so much information, transfer the physical process into a mathematical
model, using mathematical language to describe the coupled flow, ion migration and other
processes affecting the transport. A mathematical model upgrades our understanding of
the E-K processing from direct observation to the general principles. This transport model
may help us predict the ·efficiency of the electrokinetic remediation to a specific ion, in
a specific soil. Ultimately, we can change parameters to see its effects on the process.
The simulation may be comparable to controlled laboratory test data but obtained far more
quickly and less expensively. Ultimately the transport model and the laboratory
experiment should support each other.
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Modeling coupled transport of fluid, charge, and chemically reactive species is a
complex task. Most of the current work is based on a generally accepted transient
coupled flux equation, which maintains conservation of mass and energy. Similar partial
differential equations have been successfully applied to solve solute transport equations
in groundwater simulation due to chemical and hydraulic gradients (Lafolie and Hayot
1993; Moldrup et al. 1992; Leij et al. 1991). Transport models which incorporate electric
gradient together with those chemical and hydrochemical factors are very limited
(Alshawabkeh and Acar, 1996).
4.1.2 Previous Studies
In recent years, several researchers studied and proposed their theoretical modeling
of conduction phenomena under electric field. In most cases, dilute solutions, rapid
dissociation-association chemical reactions, and small double layer thickness are assumed.
They are all constructed on the second-order differential advection-dispersion equations,
while addressing their understanding and concerns toward the process.
Shapiro et al. (1989) and Shapiro and Probstein (1993) presented a general model
of electroosmosis. They set up a group of convective diffusion equations with chemical
reactions to characterize the transient behavior of concentration fields for a set of chemical
species in solution that are transported by convection, migration, and diffusion in an
electric field. A steady state electroosmotic flux is assumed by averaging the electrical
gradient and zeta potential across the soil sample. In their report in 1993, the results were
compared with experiment data for the case of constant voltage at the boundaries, and the
comparisons showed a good agreement only in one case of acetic acid removal from a
kaolinite specimen. The second experiment data did not show good agreement with
model results. Their model did not consider or solve the preservation equation of the
electric charge, nor did it account for any sorption reactions.
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Acar et a1. (1989)'proposed their model to describe the single specie migration,
i.e., hydrogen transport and pH gradient development, under constant boundary pH values
and in a constant electric field. This model provided good qualitative correlation when
compared to experiment data. However, the electrical field change was neglected, and the
chemical reactions associated with the process were not incorporated either.
Yeung (1990) and Mitchell and Yeung (1991) also built a one-dimensional model
for transport of contaminants through a liner in their study of using electrical gradients
to retard migration of contamination across earthen barriers. Applying the integral finite
difference method, the model reasonably predicted the transport of sodium and chloride
ions across the liner. Still, a constant electrical gradient was assumed, and chemical
reactions and electrode chemistry were neglected.
Denisov et al. (1996) gave an analytical solution to a more comprehensive one
dimensional model, which considered electro-neutrality, changed electrical field, and
actually was the first published multi-species modeling for the prevailing mechanism of
E-K processing. But it was only aiming to draw a conceptual picture for the whole
process. In order to obtain an analytical solution, the model was simplified to keep the
electromigration term only, which they stated to be the most important driving force for
charged species quantitatively and qualitatively. A ternary system consistiflg of two
cations and one anion was studied, where the porous specimen had a planar geometry and
was practically uncharged and chemically inert so as to avoid the influence of electro-
osmosis and adsorption of the species. Advection and chemical reactions were neglected.
Constant boundary conditions were assumed for each species.
The derived analytical expressions which describe the variation in the medium
conductivity were beneficial. The solution offered a way of understanding the E-K
processing conceptually. Though their solution was said to be consistent with their
experimental results, doubts remain if that is also the case for a medium other than
saturated sand which was used in their comparative tests.
Most recently, Alshawabkeh and Acar (1996) J;Ilodified their previous model by
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adding in the factor of metal precipitation, pore pressure development, and introducing a
changing electric field. An equation for consolidation process is also included to reflect
the influence of changing pore water pressure and the suction that resulted during the
process.
This is a fairly good model which has incorporated a few more of the
considerations of the process. The changing electric field is said to be considered, but
since the model prediction for changing electrical field does not quite agree with the
experimental results, the solution scheme remains questionable. A constant electric
current is applied through the sample, which is easier to be implemented numerically but
usually not the case for practical operation which often uses constant electrical voltage at
both ends. Electro-migration mobility in dilute solution is used directly without
considering the effect of limited concentrations in pore fluids. A mixed coefficient is
selected from the test data to justify the model predictions due to its failure to investigate
the relationship between migration mobilities and solute concentration.
4.2 Basic Assumptions
Electrokinetic soil processing is influenced by many factors such as soil
mineralogy, surface chemistry, electrochemistry, pH of :the pore solution, electrolysis
reactions, and physical characteristics of the porous medium. This complexity of the
process greatly increases the difficulty to illustrate it using mathematical language. A
relatively simplified situation would allow us to reach a satisfactory result with less effort,
after all a theoretical solution may not exist under the real conditions.
Following assumptions are employed in this study:
1. Soil medium is isotropic and saturated.
2. Electrical capacitance of the soil is equal to zero everywhere.
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3. Typical clayey soil with negatively charged surface and very low hydraulic
conductivity is used.
4. Electricity is conducted by the pore fluids and migrating ions only.
. 5. Isothermal conditions, under constant room temperature.
6. Instant chemical reactions are assumed.
Some of these assumptions were made due to the limited understanding of the
effect of the considered factor. For example, a thermal gradient generated during the
process may cause some influences to ion transport, and needs to be studied.
4.3 . General Governing Equations
As we have discussed above, the basic governing equation for electrokinetic
enhanced transport is the advection-diffusion equation. This means, advection (or
convection) and diffusion constitute major driving forces for the movement of charged
ions. According to their definition, dispersion refers to the movement of species under
influence of gradient of chemical potential, Le., a concentration gradient, which is the
most basic thermo-dynamic phenomena in all mass transport processes. While advection
is the stirring or hydro-dynamic transport caused by density gradient or forced convection.
IIi our case, the influence of electric field which is the migration of charged species is
included in the advection part.
In this chapter, we first introduce the basic equations for mass transfer in aqueous
systems. Then, considering the case of electrokinetic processing in porous medium, the
basic transient partial differential equation is modified and developed into the governing
equation for the proposed modeling. Finally, chemical reactions and boundary conditions
are discussed and the complete set of equations are built up for numerical implementation.
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4.3.1 Fick's Law of Diffusion
Adolf Eugen Fick fIrst developed the laws of diffusion by means of analogies with
Fourier's work (Fourier, 1822), based upon his basic hypothesis (Fick, 1855). He found
that the flux is proportional to the concentration gradient. Fick defined a total one-
dimensional flux J(x,t) to represent the number of moles of the specie that pass a given
cross area normal to the axis of diffusion. This well-known Fick's first law reads as:
ac(x t)
J(x,t)= - D ax'
Where
c = concentration, [ML-3] ;
x = distance, [L] ;
t = time, [T] ;
[4-1]
The quantity D was defmed by Fick as the diffusion constant with units of [L2T-1].
Fick's second law of diffusion, a basic equation for one-dimensional unsteady-state
diffusion, describes the change of concentration with time.
ac(x,t) a2c(x,t)
-- = - V' . J(x, t) = D 2
at ax
[4-2]
The flux equation implies no convection, yet it is a special case of mass transfer.
4.3.2 The Nernst-Planck Equation
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A general one-dimensional transfer to an electrode is governed by Nernst-Planck
equation:
+ c.v(x)
1
[4-3]
where
Jj = total flux of species i, [Mr1L-2] ;
Dj* = effective diffusion coefficient of species i, [L2T-1] ;
Ci = concentration of species, [ML-3] ;
Zi = charge of species ;
<!>(x) = electric potential at point x, [V] ;
vex) = advection velocity, [LT-1] ;
R = universal gas constant, 8.3144 J/K mol;
T = absolute temperature, [K] ;
F = Faraday constant, 96,485 C/mol electrons;
In this equation, aclx)/i3x defines concentration gradient, and' a<!>(x)lax takes care
of the potential gradient. The minus sign arises because the direction of flux opposes the
.. -direction-of-inGreasing-01and-<!>~~~--~-~-
The flux Jj, according to its definition, is equivalent to a current density which is
defined as the flow rate of electrons through a unit cross area ( CT-1L-2 ). Relative
contributions of diffusion and migration to the flux of a specie, and of the flux to the total
current, differ at a given time for different locations in solution. Current i
where id is the current density due to diffusion and im is the current density due
to migration. im and id may be in same or opposite direction, depending on the charge on
the electro-active species.
43
According to Fick's second law,
we obtain
ac,(x)
1
= - V J.(x)
1
[4-4]
z F aZ"'( )
i D* () 'l'x+- cx--
RT i i axZ
[4-5]
Note, the last two terms in equation 4-5 can be combined into one .advection term
which includes both natural advection ( -v(x)aclx)/ax ) and forced advection under
electric field ( the 3rd term ).
ac.(x)
1
at
Zac.(x)
= D * 1
i axZ.
ziF * acP(x) aci(x)
+ -D -- - vex) --
RT i ax ax
Z F a2~( )
i D* () 'l'x+- C x--
RT i i axZ
[4-6]
This basic mass transfer equation under electric field is a good start of our study.
We will expand it in the electrokinetic case and finally lead to a mass transfer equation
under electric field and in the porous medium.
4.3.3 Mass Conservation Equation in Porous Medium
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For medium in which the transfer takes place other than aqueous medium, porosity
is considered to be an important factor which immediately affect the actual amount of the
mass at a given concentration and at a fixed point.
We thus modify 4-4 and 4-6 into the following form:
anc. (x)
1
at = -V· 1. (x)1
[4-7]
where n is soil porosity with unit [U / L3 ] •
4.4 Theoretical Development
Modification of the one-dimensional Nemst-Planck mass transfer equation is
discussed term by term and categorized according to different mass transport mechanism.
This requires not only detailed investigation of the influences of different parameters, but
also consideration of the laboratory test conditions. The prevailing factors, such as
diffusion, electro-migration and electroosmotic flow, are given special emphasis.
4.4.1 Diffusion
Bear (1972) indicated that the mechanical dispersion is a significant mechanism
in contaminant transport in groundwater because of relatively high hydraulic conducti-
vity. Yet the molecular diffusion is primary that controls hydrodynamic dispersion in
clayey soils due to low advective hydraulic flow.
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Figure 4.1 Tortuous Path in Porous Medium
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In saturated soil; Fick's law of diffusion describes the diffusive mass transport of
chemical species under chemical concentration gradient. Equation 4-1 and 4-2 serves as
general. rules for mass transfer by diffusion. Considering the effect of a longer capillary
flow path through porous medium, a tortuosity factor y is introduced. As described in
Figure 4.1, the relation between axial coordinate of the straight circular capillary z and
the porous medium coordinate x is given by
z
x,= -
y
The effective diffusion coefficient D*is thus given by ( Gillham and Cherry, 1982)
D
D*= =D-r
2y
[4-8]
where 1" is called an empirical tortuosity factor of the soil. A summary of various values
of 1" for different soil types is given in Table 4.1 .
Diffusion coefficients for different ions in infinite dilute solution are given by
several researchers. Tables 4.2 and 4.3 lists some of the values for typical anions and
cations under ideal conditions. It should be noted that the diffusion coefficient (D) for
solute in non-dilute solution is somehow a complex concept and is not a constant in a
changing chemical'environment (Cussler, 1984). For example, diffusion in concentrated
solutions causes convection, the combination of convection and diffusion makes the
analysis complicated. This convection should be handled with more complete form of
Fick's law in calculating the diffusion coefficient, often including a reference velocity.
Coupled concentration gradients in a multicomponent system are also changing the
diffusion value. Yet finding how diffusion is related to chemical reaction is a difficult
task. Few research data could be' found for multicomponent diffusion at a given
concentration.
The dilute limit is~asier to understand and base upon the qualitative calculations.
It is' the basis of fmding the influence of chemical reaction, dispersion, and mass transfer
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Table 4.1 Representative Tortuosity Factors
Soil Tracer Saturation 1:'
50% Sand:Bentonite Mixture 36Cl Saturated 0.08-0.12
Bentonite:Sand Mixture 36Cl Saturated 0.04-0.49
Bentonite:Sand Mixture 36Cl Saturated 0.59-0.84
Silt Loam 36Cl Unsaturated 0.05-0.55
Sand 36Cl Saturated 0.28
Loam 36Cl Saturated 0.36
Clay 36Cl Saturated 0.31
Clayey Till Cl- Saturated 0.15
Silty Clay Cl- Saturated 0.13-0.3
Silty Clay Cl- Saturated 0.1
Sandy Loam Cl- Unsaturated - 0.21-0.35
Silty Clay Loam; Sandy Loam Cl- Saturated 0.08-0.22
Kaolinite Cl- Saturated 0.12-0.5
Smectite Clay Cl- Saturated 0.07-0.24
Clay Cl-&SO/ Saturated 0.55
Silty Clay Loam; Sandy Loam Br- Saturated 0.19-0.3
Kaolinite Br- Saturated 0.15-0.42
Smectite Clay Br- Saturated 0.08
Sandy Loam Br- Saturated 0.25-0.35
Bentonite:Sand Mixture 3H Saturated 0.01-0.22
Bentoriite:Sand Mixture 3H Saturated 0.33-0.7
Source: Shachelford and Daniel (1991)
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coefficients, on diffusion coefficient.
\-J
4.4.2 The Convection Term
In Nernst-Planck equation, the convection term is composed of
v = ziF D* a<t>(x) _vex)
advection RT i ax
[4-9]
It does not consider the effect of electroosmosis clearly., In electrokinetic
processing, 'the convection is composed by electromigration, electroosmosis, and advection
due to Darcy's law, as described below.
4.4.2.1 Electromigration
Electromigration velocity measures ion movement in the pore water caused by
electric field, as expressed in equation 4-9, at infinite dilute solutions
zF * a<t>
u = --D -
m RT ax
where Urn is the migration velocity with unit [LIT]
Define Vrno = zFD*/RT , then equation 4-10 can be simplified as
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[4-10]
Table 4.2 Absolute Values of Diffusion Coefficients and Ionic Mobilities for
Cations at Infinite Dilution at 25°C
Djx106 Uj xlOs Djx106 Uj x10s
Cation cm2/sec cm2/~ Cation cm2/sec cm2/V sec
Ag+ 16.48 61.9 La3+ 6.19 72.1
AP+ 5.41 61.0 Lt 10.29 40.1
Ba2+ 8.47 63.6 Mg2+ 7.06 55.0
Be2+ 5.99 46.6 Mn2+ 7.12 55.4
Ca2+ 7.92 61.7 NH+ 19.57 76.24
Cd2+ 7.19 56.0 N2Hs+ 15.71 61.1
Ce3+ 6.20 72.5 Na+ 13.34 51.9
Co2+ 7.32 54.9 Nd3+ 6.16 72.1
Co(NH3)3+6 9.04 103.6 Ni2+ 6.61 51.8
Co(en)/+ 6.63 77.4 Pb2+ 9.45 73.6
Cr3+ 5.95 - Pr3+ 6.17 72.1
Cs+ 20.56 80.1 Ra2+ 8.89 69.2
Cu2+ 7.14 57.0 Rb+ 20.72 80.6
Dy3+ 5.82 68.1 Sc3+ 5.74 67.0
Er3+ 5.85 68.4 Sm3+ 6.08 71.0
Eu3+ 6.02 . 70.4 Sr2+ 7.91 61.6
Fe2+ 7.19 56.0 Tl+ 19.89 78.8
Fe3+ 6.04 70.5 Tm3+ 5.81 67.9
Gd3+ 5.97 69.8 UO/+ 4.26 33.2
H+ 93.11 362.5 y3+ 5.5 64.2
Hcr2+ 8.47 54.9 Yb3+ 5.82 67.6b
Ho3+ 5.89 68.7 Zn2+ 7.03 54.7
K+ 19.57 76.2
Source: Lide (1994)
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Table 4.3 Absolute Values of Diffusion Coefficients and Ionic Mobilities for
Anions at Infinite Dilution at 25°C
Anion Djx 106 uj xlOs Anion Dj x 106 Uj X lOS
cm2/sec cm2/V sec cm2/sec cm2/V sec
Au(CN)2- 13.31 51.8 HS- 17.31 67.4
Au(CN)4- 9..59 37.3 HS03- 13.31 51.8
B(C6Hs)4- 5.59 21.8 HS04- 13.31 51.8
Br- 20.80 80.9 H2Sb04- 8.25 32.1
Br3- 11.45 44.6 1- 20.45 49.6
Br03- 14.83 57.8 10- 10.78 42.03
Cl- 20.32 79.1 10 - 14.51 56.54
Cl02- 13.85 53.9 N(CN)2- 14.51 56.5
ClO- 17.2 66.9 N02- 19.12 74.43
Cl04- 17.92 70.4 N03- 19.02 74.0
CN- 20.77 80.8 NH2S03- 12.86 5004
C032- 9.23 74.6 N3- 18.37 71.5
Co(CN)l 8.78 102.5 OCN- 17.20 66.9
Cr042- 11.32 88.1 OH- 52.73 205.8
F- 14.75 56.4 pp- 15.15 59.06
Fe(CN)64- 7.35 115.0 P03F2- 8.43 65.6
Fe(CN)/- 8.96 104.7 POl 6012 71.5
H2As04- 9.05 35.2 P 0 4- 6.39 84.32 7
HC03- 11.85 46.1 PO 3- 7.42 86.63 9
HF- 19.97 77.7 P30 103- 5.81 113.02
HPO/ 4.39 59.1 Re04- 14.62 56.7
H2P04- 8.79 34.2 SCN- 17.58 68.4
H~P02- 12.25 47.7 SeCN- 17.23 67.0
Source: Lide (1993)
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u =-v
m m,o ax
vm,o is usually called the ionic mobility [L2/T/Volt].
[4-11]
From equation 4-11, clearly the electromigration velocity depends on the local
electric field and differs for each species.
Equations 4-10 and 4-11 are valid for infmitely dilute solutions. In the pore fluids
with finite concentrations, which is more close to E-K test situation, influence of inter-
ionic attraction should be considered. This influence obviously increases with increasing
ionic concentration, and thus lead to decrease of ion equivalent conductances with
decrease in degree of ionization ( KortUm and Bockris, 1951 ).
Debye, Huckel and Onsager gave a quantitative formulation for ion mobility (
KortUm and Bockris, 1951), indicating the mobility of an ion in a binary salt is
independent of the other ion in the salt. The result provides a theoretical basis for
Kohlrausch's law of the independent migration of ions, according to which the equivalent
conductance of an electrolyte is additively composed of mobilities of the constituent ions,
J
5
A = A - 8.205' 10 z2 A +
v (e T)3/2
82.48' z
I-J:(eT)1/2 Jz.ne·c [4~12]
where Av
A~
E
T
I.l
z
= equivalent conductance, [L2 Ohm-I] ;
= equivalent conductance at infinite dilution, [L2 Ohm-I] ;
= dielectric constant ;
= absolute temperature, [K] ;
= fluid viscosity, [ML-lil] ;
= charge valency ;
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ne = electrochemical valency, Le., for CaCI2, z+ = 2, z- = 1, while
n = z+ . 1 = z- . 2 = 2 .e ,
For a 1-1 valent salt, z = ne = 1 , define
8.205'105 2
IX = z
. (e T)3/2
[4-13]
~ =
Equation 4-12 is then rewritten as :
82.48 z
Il' (e T)1/2
Applying this equation to ionic mobility at finite concentration gives:
v = v - ( IX V + ~ ) C1/2
m m,o m,o
where vm,o is ionic mobility in infinite dilution as we defined before.
[4-14]
[4-15]
For aqueous solution at room temperature ( T = 298K ), using E=78.56 and
\-l=O.008948, equation 4-15 becomes
1/2
V = V - (O.2289v . + 60.21 )c
m m,o m,o
[4-16]
Note, this is for 1,1-valent salt only. For zlz') = 2 or above, this equation should
be modified from equation 4-12.
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4.4.2.2 Electroosmosis and Electroosmotic Mobility
Electroosmosis velocity can be approximated by Helmholtz-Smoluchowski
equation
where
U
eo
E(E
- --
IJ.
[4-17]
E = dielectric constant of pore solution
( = local zeta potential [V]
E = local electric field strength, E=a¢/ax [V/L]
IJ. = viscosity of pore solution [FTL-2]
E is the ratio of the permittivity of the pore solution over its permittivity in
vacuum ( ~ 80 for water at 200e). Viscosity of water at 200e is about 10-3 kg/m·s.
According to Shapiro and co-workers 0_993), for a typical water-saturated clay, with (
potential of 10mV, and an electric field strength of 100V/m, the electroosmotic velocity
has a value of 10-6 m/s or ~ 10 em/day. This is about at least 10 times lower than
electrornigration velocity ( Acar and Alshwabkeh, 1993).
Since ( potential is a local value and depends on local variables, its volume
average at the local position is assumed (Shapiro and Probstein, 1993). Then,
E a¢
v =-«->
eo IJ. ax
where <> denotes the average of the scalar product.
[4-18]
By analogy to Darcy's formula, define kc as the coefficient of electroosmotic
permeability of the soil, we get
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u =kE
eo e
eCk =-
e !J.
[4-19]
k., is considered a constant property of a specific soil in this equation. We have
discussed that the zeta potential appearing in k., expression is not a constant, but a variable
depending on pH environment, electrolyte chemistry, and other factors. Contradictory
---,;.....-
conclusions about the variation of electroQ~trloti(;permeability--for-colresive-sOilS1lave-
-_..-..--- -_ .._.~--- _.... -
appeared. Casagrande (1952) pointed out that electroosmotic permeability is a relatively
constant value for different type of soils. However, Gray and Mitchell (1967) indicated
that the electroosmotic permeability can vary considerably over a wide range of water
contents and soil types. Hamed et al (1991) found that it changes during the course of
a prolonged test. Conventionally, k., is determined as the constant of proportionality
between electrical potential gradient and flow rate. There is good qualitative agreement
in the results of different studies.
In Khan's (1991) modified theory of electroosmotic flow through soil (see equation
2-2), the true electroosmotic flow is directly proportional to the current carried by the
surface of the charged solid constituents of soil, which means that the electroosmotic
velocity is directly related to the surface conductance of the soil particles. Hence, the E-O
flow is independent of electrolyte concentration in the pore fluid.
Yin and co-workers (1995) backed up Khan's theory. They found that there is no
apparent relationship between electroosmotic mobility and the applied electric field. The
term, electroosmotic mobility, refers to the average velocity achieved by the pore water,
relative to the solid skeleton, due to an externally applied· electrical field of unit strength.
The mobility appears to be proportional to the specific conductance of the soil specimen. 2
Table 4.4 gives their results.
The mobile ions in the pore solution mainly come from the surface of the clay
particles, so a higher ionic concentration and hence a higher conductance for a clay with
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Table 4.4 Mobility Testing Data and Results
------~---------
------- -
~
Sample v· KC Mobility
Ib Ed Slope
Specimen Porosity Length volts m (x10-4)
rnA v/cm cmfs
cm mho/cm cm2/s'v
SI 0.59 1.34/ 3.5 46.4 0041 2.54 0.0492 0.55
0.59 1.34 2.35 30.4 0040 1.75 0.0375 0.65
S2 0.44 3.01 1.06 21.8 lAO 0.35 0.0140 1.65
0.44 3.01 1.08 21.8 1.38 0.36 0.0160 1.77
0.37 2.69 1.58 21.8 0.84 0.58 0.0150 1.27
0.37 2.69 1.54 21.8 0.86 0.57 0.0150 1.25
S3 0.61 2.04 2.65 17.3 0.30 1.30 0.0390 0.89
0.61 2.04 2.81 17.3 0.28 1.38 0.0400 0.86
Cl 0.58 1.85 5.65 33.6 0.25 3.05 0.0330 0.33
0.58 1.85 1.86 10.4 0.24 1.01 0.0167 0.51
0.58 1.85 5.91 43.8 0.32 3.19 0.0565 0.55
C2 0.58 2.33 2.95 21.7 0.39 1.27 0.0233 0.57
0.58 2.33 2.82 21.5 0040 1.21 0.0239 0.62
C3 . 0.58 2.05 2.60 23.6 0.42 1.27 0.0217 0.53
0.58 2.05 2.55 23.8 0043 1.24 0.0175 0.44
0.58 2.05 2.80 24.1 0.40 1.37 0.0278 0.63
Note: aVoltage across specimen; bCurrent through the system;
cSpecific conductance of the soil; dElectric field.
Source: Yin et ai, 1995
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a lower initial water content is expected. As shown in this table, specimen S2 has the
lowest initial water contents and has the highest specific conducta1!c;~Jmd_electroosmotic
------ .--- --- .--------_ •.. _----
_--- ~mobility-:--
Except S2, we can see that all other tests have a mobility value in the scope of
0.3-0.9xlO-4 cm2/s·volt. Eight of them have a mobility around 0.6xlO-4 cm2/s·volt. This
shows that the mobility could be regarded as a relatively constant value in a low level
electric field. For kaolinite, Yin et al concluded that mobility value of O.6xlO-4 cm2/s'volt
and K=O.4m mho/em are representative values. It should be noted that both the
electroosmotic permeability (lee) and the mobility could not be considered
phenomonological constants.
4.4.2.3 Hydraulic Transport Velocity
Flux due to hydraulic gradient is given by Darcy's law
where
ah
v = k
h h ax
~ = hydraulic conductivity of the soil [L'll]
h = hydraulic head [L]
[4-20]
Numerous methods exist for evaluating the hydraulic conductivity of fine-grained
soils. Extensive research indicates that the microstructure and soil fabric influence the
fluid transport in fme-grained soils. Dispersed micro-structure results in lower hydraulic
conductivity than flocculated micro-structure ( Mitchell et al. 1965 ).
In equation 4-9, the hydraulic convection is included as a contributory factor to
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-the advection velocity. This reflects the net flow theoretically. But the extend of
contribution from the hydraulic flow should be examined thoroughly.
For kaolinite, a typical fine-grained soil used in electrokinetic remediation tests,
the hydraulic conductivity is fairly low, and thus the flow rate resulting from the hydraulic
flow is only a tiny portion of that generated by electroosmosis. In bench-scale
experiments, hydraulic head is usually less than 2, while the electric gradient is about 100
volts/m. Comparing the coefficient of permeability (5.0xlO-7 cmfs for hydraulic in clay,
5xlO-5 cm2/s'v for electroosmotic), we clearly see that the hydraulic flow in the
electrokinetic processing may be negligible. Further more, the electrokinetic soil
remediation continuously changes soil fabric, pore fluid chemistry, and diffuse double
layer and thus changes the hydraulic conductivity.
Neglecting Darcy's advection in our numerical modeling will simplify the
equations and avoid the complex solution process without losing accuracy. Yet this is not
saying that the hydraulic flow is of no influence to the processing. Because of the low
hydraulic permeability, the electroosmotic flow results in insufficient water flow. A
negative pore water pressure (suction) is developed to compensate the flux. This suction
value depends on the ratio of permeabilities (kJ~). The higher this ratio, the higher the
suction. This will balance the electroosmotic flow and decrease the net water flow. This
effect may actually be included in experimental ~ values for fine grained soils.
4.4.3 Fluid Flux
Fluid flux is an important phenomenon during electrokinetic processing. It is
caused by hydraulic gradient and electric gradient. As we have discussed above, the
hydraulic gradient is very small and is neglected. So the total fluid flux is only composed
of flow caused by electroosmosis. The total fluid flux, Jw, is thus
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ael>J = -k-
w e ax [4-21]
This expression will be useful later when we study the flux boundary conditions.
4.4.4 Charge Flux
Charged ion migration between the electrodes under an electric field forms the
observable electric current, which is the direct measurement of the ion movement. A
'<l
basic assumption is that there are interconnected flow channels through the soil medium
to make it possible for the charge flow between the electrodes. As we discussed in
section 4.3.2, the charge flux has two parts: flux that is introduced by diffusional flow and
flux that is caused by migration flow. The path for charge flux might be soil solids,
diffuse double layer, pore fluid, and their interface. Contribution of these paths vary for
different soil media and electrolytes. To simplify the analysis, we will not consider the
path of soil solids for charge transport.
4.4.4.1 Diffusional Charge Flux
The diffusional charge flux or current, according to Faraday's law for equivalence
of mass flux and charge flux, can be obtained from the diffusional mass flux. From
equation 4-1
i =diff
Nspecir$ ac. (x)L z FD J
j=l j ax
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[4-22]
where Nspecies is the total number of ion species present in the solution.
4.4.4.2 Migrational Charge Flux
The mass transport due to migration includes both the direct migration and also
the ion migration carried by fluid flux.
The advection on flux, from equation 4-21, leads to
1
adv
N
species
= L
j = 1
z Fc Jj j w
[4-23]
where iadv is the charge flux due to advection.
Since Jw is a constant for any species in a given time and given location, and,
required by electrica"l neutrality, we have,
N
species
L
j =1
z cj j = 0
[4-24]
so, there is no net charge flow due to the advection of fluid ( iadv = 0 ).
From equations 4-11, applying Faraday's law, we get
N
species
1 = L
e j = 1
*z Fu cj j j
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[4-25]
where ie is charge flux due to direct ionic migration, u/ is the effective ionic migration
velocity of species j which is given in equation 4-10.
If we define 0* as effective electric conductivity of the porous medium, which
equals
N
speclrs
0* = I: z Fv jc
m J'j = 1
[4-26]
where v1j is the effective ionic mobility of species J Referring to equations 4-11 and
4-16, then 4-25 can be written as
where cD is electric potentiaL
4.4.4.3 Local Electric Current
*aq,i = -0 -
e ax
[4-27]
Resulting from the above charge flux, the electric current at a given point can be
obtained through
i = 1 + i
e diff
N
speclrs
=- FI:
j = 1
ac
j *zD-+oE
j j ax
[4-28]
where E = - aq,/ax, noted as local electric field strength.
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Since we have assumed zero electrical capacitance for the soil, the electric current
should be a constant along the specimen.
4.5 Chemical Reactions
When the mass transferred through the soil is reactive chemical species, usually
several chemical reactions will happen: the sorption and desorption reactions, aqueous
phase reactions and precipitation/dissolution reactions. These reactions will change the
concentration distribution, and thus will display in the governing equations. Simply, we
can use a single term r(c) to represent the influence of reactions to the transport process.
The reaction term, r, is expected to reflect a mixed effect of all those possible reactions.
Contributions of different chemical reactions to the transport of one species vary
depending on a lot of factors. Usually these factors include, but not limited to, the
physico-chemical properties of the soil, the specific ion, chemical equilibrium in the pore
fluid, and ionic concentration. Since we have assumed that chemical reactions reach
equilibrium very quickly, no chemical kinetics which will change the concentrations
before they reach equilibrium will be considered. So we are able to analyze the influence
of chemical reactions independently, taking them out of the transport process, which will
simplify the numerical implementation. For example, we are able to deal with the
reaction term, r, after each time step, after reaching instantaneous equilibrium, analyze and
redistribute the concentration altered by reactions, and start the next time step of the
transport.
4.5.1 AdsorptionfDesorption
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Adsorption attachment may be the result of one or a combination of electrostatic
forces. These forces, according to Hamaker and Thompson (1972), could include van der
Waals/London forces, hydrogen bonding, charge transfer, ligand exchange, ion exchange,
direct and induced ion-dipole and dipole-dipole interactions, and chemi-sorption.
For clays, cation and other positively charged species are adsorbed on the
negatively charged clay surfaces. This adsorption may be reversible through the process
of desorption. Also, for those ions contained in the double-layer, electroosmotic flow can
break their binding. In electrokinetic decontamination processing, acidification of the soil
due to H+ ion generated by the anode electrolysis reaction is the fundamental mechanism
that facilitates desorption of those adsorbed ions and species. Increase in H+ ion
concentration (decrease in pH value) will result in desorption of cations. The
adsorption/desorption capability somehow depends on the surface charge density of clay
mineral, characteristics and concentration of cation species, and existence of organic
matter and carbonates in the soil (Harter 1983, and Yong et al. 1990).
A one-dimensional mass transfer equation with sorption is shown in equation 4-29·
(Freeze and Cherry, 1979)
where
Be
at
Be
= -vxax
[4-29]
Pb = solid phase(soil) density [M/L3]
n = pore water fraction (porosity)
q = mass of chemical adsorbed normalized by mass of soil [M/M]
vx = a combined velocity term [L/T]
D = diffusion coefficient [L2/T]
There are several models to describe sorption of metal ions on soils. A linear
relationship between the sorped concentration and the concentration in the aqueous phase
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is adapted in this study. For linear equilibrium adsorption
aq _ aq ac _ Be
- - -- - k-
at ac at d at
Substituting 4-30 into 4-29
[4-30]
1 + ~k lac =
n d at
[4-31]
Pb
r = 1 + -k
f n d
where
~ = partitioning coefficient [O/M]
r f = retardation factor (dimensionless)
[4-32]
The retardation factor defines relative rate of transport of a nonsorped species to
that of a sorped species, r f = 1 for-nonsorP~d~peci~s. - -It -r~fl~c~s-~e influence of
adsorption toward the chemical front relative to the bulk flow. Of course, as we have
discussed before, the retardation is closely related with pH of pore fluid. The effect is
low in low pH soils which is often our situation when we are conducting electrokinetic
soil restoration. Progress has been made recently in modeling the sorption process (Yeh
and Tripathi 1989, Selim 1992). pH effect, redox reactions, ionic strength, etc. are being
considered to give a more clear figure of sorption reaction.
4.5.2 Water Auto-Ionization and Species Production
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Two types of reactions are observed: homogeneous chemical reactions which occur
throughout the bulk of the fluid and heterogeneous electrochemical reactions occurring at
electrodes.
The latter reactions have been discussed in Chapter 3. And because this kind of
reactions will control the boundary conditions for hydrogen and hydroxyl ion transport,
we will further study their effects and numerical expressions later.
The homogeneous reactions in the pore fluid itself are assumed to be fast
dissociation-association reactions. A representative aqueous phase reaction is the water
auto-ionization. Metal ions presented in the aqueous phase may tend to combine with
others to produce precipitation. These processes are reversible, depending upon the pH,
ionic concentration, ionic presence, etc.
These reactions involving water are:
+ -HOT'" H + OH
2
weak acids
HA T"'H+ + A
c c
and weak bases
[4-33a]
[4-33b]
[4-33c]
where Ac' and B+ represent monovalent acid and base species respectively.
Shapiro et a1.(1989) stated that the typical reaction time is usually less than 10-5
seconds, far quicker than the time scales associated with convection, diffusion, and
electromigration. Saville and Palusinski (1986) assumed that the forward and reverse
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reaction rates balance and thus the production rates maintain the solution at chemical
equilibrium.
Production rates are determined by following chemical equilibrium constants for
water, weak acids, and weak bases respectively. Where [ ] denotes concentration in
mol/m3•
[H +] [A -]
c
K = ----
a [HA ]
c
[B +] [OH-]
K =----
b [BOH]
4.6 The Modified Governing Equation - General Model
[4-34a]
[4-34b]
[4-34c]
From the theoretical development discussed in this chapter, a modified governing
equation which handles the transient multispecies transport under changing electric field
is obtained. This governing equation, coupled with a set of supportive equations which
describe the electric field, the current, the chemical reactions, and also the electrode
reactions, forms the general mathematical system for the modeling of the multicomponent
electrokinetic process. Only the one-dimensional partial differential equation for mass
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transport of the general case is presented here. All other equations and analysis are
studied later corresponding with specific ionic transport.
The differential equation is obtained from equation 4-6, 4-15, 4-19, and 4-32
where
2BIlc * ac ac aE
= D - - E [k + v ] - - c [k + v ] - + n r(c)
at ax 2 e m ax e m ax
D* = effective diffusion coefficient; [L2T-1]
l<e = effective electroosmosis mobility; [L2y-1T-1]
Vrn = effective electromigration mobility; [L2y-1T-1]
E = electric field strength - a<t>/ax ; [VL-1]
r = the term of chemical reactions; [MT-1]
[4-35]
With Vrn as defined in Equation 4-15, equation 4-35 can be re-written as :
2an c * ac . ..{. _ .. -- - - - - .. 1/2 _.} ac
= D -~- - -E K + [v - ( av + P)c ] -
at eff ax 2 e m,o m,o ax
[4-36]
{ ~ }aE- c k + [V - ( av + P)c ] - + nr(c)e m,o m,o ax
The electric field in the above equation is calculated using current and the local
electric conductivity. We will further study this in the next section.
Note that the above equation is directly constructed on a familiar mass transport
equation. For a non-reactive particle passing through a porous medium without electrical
field, the above equation is simplified to a diffusive solute transport equation. Since we
have removed the hydraulic advection term due to the low hydraulic conductivity of
clayey soil, there is no advection presence in the basic diffusive equation.
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Equation 4-36 or 4-35 will be employed as the master one-dimensional transport
equation in this study. For each participating species, one differential equation is applied.
Therefore for N species in the system, we will generate N differential equations, plus
boundary conditions, electric neutrality condition, and chemical reaction equations. These
complicated equation systems will be developed on the selected multiple species
concerned in this study.
Also note that the resulting equation 4-35 is an initial value question. We need
both initial condition and two boundary conditions for solving this equation for each
species. Initial conditions can be evaluated from initial concentration distribution and
initial electrical potential distribution. Boundary conditions are more difficult to be
generalized. They will be studied case by case.
4.7 Electric Field Distribution
Previous teams of modelers often assumed a constant electric field across the soil
sample all through the processing to simplify their models. This assumption may be
viable for the early stage of the process, but an oversimplification for later stages could
lead to a erroneous understanding toward the nature of the E-K test.
Data from Lehigh researchers show that the electric field does change with time
across the sample, as shown in Figure 4.2. A lower and flatter electrical field is observed
near the. anode side as experiment continues. Others recorded a steep increase of
electrical field near the cathode side (Acar and Hamed 1992). Theoretically, when
charged ions and particles move through the soil cylinder, the distribution of the charge
concentration undergoes a continuous change, which results in the variance of local
electric conductance. This will definitely result in electric field change.
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Electric current i at any point due to charge flux was given in equation 4-28.
Assuming we know the electric conductivity at any position along the specimen and at
any time point, we should be able to find out the electrical field distribution.
From equation 4-28, relationship between E and i at time t can be written as
Nspedes ac,
i + F L z.D.*_J
j=l J J ax
E (x) =-------
*a
[4-37]
where a* is defined in equation 4-26 as the effective electric conductivity. If current
density i(t) is known from other calculation, 4-37 will give the electric field strength
distribution at any time point t. Note, i(t) here is a space independent value since we
have assumed that electrical capacitance is zero for the soil, which means:
ai (t)
-- =0
ax
[4-38]
In this case, a constant electrical voltage difference across the electrodes is
maintained, so the following equation can be solved
Lf E (x) dx = - Ll et>
o
where -Ll et> is the constant voltage difference with unit [Volt].
Insert 4-37 into 4-39, rearranging the integral, i(t) is obtained as
69
[4-39]
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Figure 4.2 Voltage Gradients at Different Time Period for Strontium
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1 =
N aC
L L z.D*.-j
f 1 J J aXLl<t>+F dx*o a
L dx
f-*o a
[4-40]
After i is calculated from above equation, then from 4-37 the field is ready to be
evaluated. Note that equation 4-40 is actually seeking an average value of the current to
avoid the error carried by a calculation at a single point as described in equation 4-28.
If we look at the integral, assuming a relative stable average value for conductivity a*,
we could have already found that the denominator is
f a* dz
o
L 1 1 dz Lf-* dx = L f-* =-
o a 0 a
L
*a
avg
[4-41]
where z is the normalized distance, z E [0, 1]. a*avg is the average value of conductivity
through the specimen. In the numerator part, the big integral can also be simplified to
N ac
~ * j
L LJ z. D . - 1 N ac
f 1 J J ax FL f~ * jF dx=-- LJzD -dz* * 1 j j az
o a a 0
avg
[4-42]
Insertion of 4-41 and 4-42 into 4-40 will give us a similar expression as equation 4-28.
i (t)
1 N ac
= - Ff L z. D *.-j dz + a * E
1 J J az avg 0
o
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[4-43]
where Eo is the initial field strength.
The above equations 4-41, 4-42 and 4-43 are not valid if the soil conductivity
value vary greatly. They are presented here just for comparison to help the
understanding.
Note, from above theory development, we can see that, instead of using a constant
voltage difference, we may use a constant current density as welL In that case, we do not
need to solve 4-40. A direct use of 4-37 will give us the needed field value.
Accordingly, no other term in this model need to be changed. Therefore this model is
basically applicable to the case of constant current also.
4.8 Initial and Boundary Conditions
As we have mentioned in section 4.6, the general equation describing mass
transport must have initial and boundary conditions to generate solution for this
differential equation. Initial condition and two boundary conditions are necessary for each
species present in the system. Initial conditions can be evaluated by the initial
concentration distribution, potential distribution and other values so that an equilibrium
state can be maintained at the starting point. Boundary conditions can be obtained
through employing different equations which describe different flow status at the
boundaries. Generally used boundary conditions are Neumann boundary conditions,
Dirichlet boundary conditions, and mixed boundary conditions. When describing flow
problems, a Neumann boundary is an insulated boundary (or impermeable boundary)
which means there is no flux at the boundary, while a Dirichlet boundary indicates that
9
the value of head (potential, concentration, etc.) is constant at the boundary.
Previous researches often used constant boundary conditions to simplify the
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solution procedure. Such boundaries are not be able to describe the nature of the
electrokinetic flow realistically. Due to the existence of flux at boundaries, i.e., caused
by the electrode reactions and advection of fluid, flux boundary condition is more capable
of describing electrokinetic flow status. Figure 4.3 gives an example that reflects the
change of concentration at both boundaries due to the electrode reactions and flow
condition. This is from data for Pb decontamination by electrokinetics (cited from Wittle
and Pamukcu 1993).
A so-called third-type boundary condition is actually a mixed boundary condition.
It was first studied by Brenner (1962) Kreft and Zuber (1978), and developed by Parker
and Van Genuchten (1984). The boundary conditions applied at the inlet and outlet of
the soil column must express the equality between the flux of solute applied at the inside
of the column and the flux of solute at the immediate outside of the porous medium. In
a one-dimensional solute transport model in porous media, the following boundary
condition was used at the inlet (Lafolie and Hayot, 1993):
* ae
- D - + vel = ve (t)ax x=O 0 [4-44]
where coCt) is the concentration of the incoming solution. co(t) is often a Dirac or step
function.
The boundary condition at the outlet of the column is very similar to the inlet
boundary. Assuming that diffusion and dispersion inside the exit reservoir are negligible
and the concentration across the boundary is continuous, the outlet boundary becomes
Neumann boundary:
ae
-I = 0ax x=L [4-45]
Notice that the velocity inside soil is different with that outside of the soil. Flux
velocity outside of the soil caused by fluid flux Jw as defined in equation 4-21, and by
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pH - time relation
Pb contamination in kaolinite
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electric current i
i
I I jJ -=Je -+-
x=O w 0 x=o zF
i
JI +=Jel ++-.l..-
x=L w x=L zF
[4-46a]
[4-46b]
where ij is the component of current density generated by the charge flux of species j.
While inside the soil, this. velocity is the migration velocity
v I + - = (k + v ) E I + -
x=o ,x=L e m x=o ,x=L
So the boundary conditions are modified as
* ae
-D -+(k+v )Eel -JIax e m x=o x=o
* ae
- D - + (k +v )Ee I = J Iax e m x=L . x=L
where J is defined in equation 4-46.
[4-47]
[4-48]
[4-49]
The above boundary condition can also be obtained by analyzing the equivalence
of charge flux. Left side of equations 4-48 and 4-49 is actually the charge flux of species
j at any position. inside the soil column. It should be equal to the charge flux at the
immediate outside of the soil column. This leads to the same expression of the boundary
conditions as 4-48 and 4-49. The charge flux has been discussed in section 4.4.4.
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The validity of boundary condition at outlet side (x=L) is questionable due to the
assumption of continuity of the concentration across the boundary. However, according
to Van Genuchten and Parker (1984), this assumption does not significantly affect the
breakthrough curve when the column Pec1et number Pe is high
where v
vL
P =->20
e D*
a combined velocity term
[4-50]
L length of the specimen
which is always able to be maintained in the electrokinetic processing due to relatively
high migration velocity.
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CHAPTER 5
MODELING LEAD TRANSPORT
5.1 A Multi-Species Transport Process
We have developed a modified differential equation system in the previous chapter
and claimed it capable of modeling complex electrokinetic-enhanced multi-species
transport.
While we have discussed that heavy metal contamination is a widespread problem,
lead plays a very important role among those metal contaminants, and it is the most
frequently identified species in hazardous waste sites. Lead is chosen in this study to
evaluate the developed theoretical model also because that a series of lead removal tests
have been done by both Lehigh researchers (Pamukcu and Wittle 1992) and others (
Hamed et al. 1991; Acar and Alshawabkeh 1996; Hsu et al. 1996). The validity of the
model may then be established by comparing the model predictions and experimental data.
Various cations and anions may be present in soil pore fluid. The transport of
hydrogen and hydroxyl ions is one of the dominant processes in electrokinetic remediation
and must be included to describe the pH environment change. Pb(II) is the cation of our
concern. N03- is introduced due to the use of lead nitrate salt for preparing the solution.
Only these four species are studied here.
Four one-dimesional partial differential equations are developed accordingly.
Chemical reactions, including production of lead hydroxide, water auto-ionization and lead
sorption, are described in a set of algebraic equations. Electrical potential, conductivity
and field strength are evaluated using previously presented equations, depending upon
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concentration distributions. Boundary conditions for those partial differential equations
are developed from flow status at both ends of the specimen.
This formed an electrokinetic mass transport model for lead removal. The
development of this multispecies transport model is described below step by step.
5.2 AddfBase Distribution
As discussed before, the hydrogen/hydroxyl transport and the resulting acid/base
environment change are the important features in electrokinetic process that need to be
considered fIrst. pH change influences the chemical reactions especially for heavy metal
transport. Cation exchange capacity of the soil particle, sorption and desorption reactions,
and chemical productions are all directly inflllenced by the pH environment in the soil.
Application of direct current to a saturated soil column always involves the
electrode reactions which produces H+ at anode due to oxidation and OH- at cathode due
to reduction of water. The generated concentration of H+ and OH- will move toward
oppositely charged electrodes under the driving force of the applied electric field. This
movement results in redistribution of pH along the specimen. More detailed description
is presented in section 3.2.
The mass transport equation is implemented to describe the movement of H+ and
OR. Aqueous phase reactions involving these two ions such as water auto-ionization are
expressed using algebraic equations presented in section 4.5.2. Boundary conditions for
solving the partial differential equations are obtained from implementation of Equations
4-48 and 4-49.
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5.2.1 H+ Transport
The one-dimensional mass transport equation of hydrogen ion is
c3nc
H+
= D *
H+ ax2
ac
_ E[k +VH+]_H+ H+ aE
- c [k + v ] - -'- R
e m ax H+ e m ax H+
[5-1]
where RH+ is the reduction of H+ through water auto-ionization reaction. This reaction is
the only one concerned within this study involving hydrogen.
Boundary conditions for this equation are (for charge z=l):
1) At the anode
ae
* H+ H+ I
- D -- + (k +v )Ee
H+ ax e m H+ x=O
H+J= e
o w
I
+-
F
[5-2]
where coH+ is the concentration of H+ flow in from the anode, or say, the concentration in
anode compartment.
Note in equation 5-2 the total current I replaces ij in equation 4-46. Electrolysis
reactions (electrode reactions) are assumed to only include the oxidation and reduction of
water. Under this assumption, all current is expended in generation of hydrogen at anode
while all current is expended in generation of hydroxyl at cathode. Therefore,
i I = IOH- x=L
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[5-3]
[5-4]
2) At the cathode
ae
* H+ H+ I
- D -- + (k +v )Ee = e J
H+ ax e m H+ x=L H+ w
[5-5]
Note that, since continuous flux is assumed at cathode side (see discussion in
section 4.8), the advective flux of H+ into cathode compartment is the fluid flux multiplied
by the concentration of H+ in soil mass at x=L. This is different from that at the anode
side which uses the concentration in anode compartment. The H+ produced at the anode
compartment is carried by the electroosmotic flow into soil. The advective flux carry the
concentration into the soil and out into the cathode compartment. Therefore the use of
different concentration at two boundaries is considered reasonable.
J\II is defined in equation 4-21.
5.2.2 OH- Transport
The one-dimensional mass transport equation for OR is
Buc
OH-
[5-6]
OH- aE
-c [k +v ]- _R a -RP
OH- e m ax OH- OH-
where ROH_a denotes the concentration of OH- participating in water auto-ionization
reaction , ROH_P represents the part that is consumed in reaction with lead.
80
Boundary conditions for OR transport are (for z=-l)
1) At the anode
ae
-n* ~ +(k +voH-)Ee I = eOH-J
OH- ax e m OH- x=O 0 w
where CoOH- is the concentration of OH- in anode compartment.
2) At the cathode
ae
-D* OH- +(k +voH-)Ee I = e J _ I
OH- ax e m OH- x=L OH- w F
[5-7]
[5-8]
The term - IIF explains that all current is consumed in generation of negatively charged
hydroxyl ions in cathode compartment.
5.2.3 Water Auto-Ionization
As given in equations 4-33a and 4-34a, the existence of hydrogen and hydroxyl
ions in the solution must satisfy the equilibrium state. In the model, H+ and OH- transport
independently which raises the importance of the incorporation of water auto-ionization
reactions into the model to guarantee the equilibrium state of the two ions in the aqueous
phase.
This reaction will generate or consume equal amount of hydrogen and hydroxyl
ions which means:
[5-9]
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where !1c is the part of hydrogen or hydroxyl ions which participate the reaction.
The equilibrium requires
c C
H+ OH-
=K = 10-14
w
[5-10]
If we mow the concentrations cH+and COH-' it becomes easy to calculate !1c.
5.2.4 H+ Retardation
Previous fmdings (Mitchell 1993; Yong et al. 1990; Alshawabkeh and Acar 1996)
show that kaolinite has a low cation exchange capacity (about 0.01 mg/g) and low
buffering capacity. It seems that retardation for H+ transport may not be a significant
phenomenon. However, according to Alshawabkeh (1994), due to the change of pH
environment and thus the change of tortuosity factor and the presence of other species,
there is significant influence of retardation to the transport of H+. It is necessary to
estimate a retardation factor for specific transport process to reflect this influence so that
the model prediction is more reliable. A retardation factor can be obtained through
experimental data (Alshawabkeh and Acar, 1996).
The one-dimensional differential equation for H+ transport with retardation factor
IS gIVen as
BncH+
R--
d
H+ acH+ H+ aE
- E [k + v ] - - c [k + v ] - - R
e m ax H+ e m ax H+
[5-11]
where Rd is the retardation factor.
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5.3 Pb(Il) Transport
The one-dimensional mass transport equation for lead is
Pb aE p
-c [k+v ]--R _R s
Pb e m ax Pb Pb
[5-12]
where RpbP reflects the number of moles of lead precipitated, while Rpbs is due to the
sorption/desorption of lead onto/from soil particles.
No electrode reaction was considered for Pb(II). Therefore boundary conditions
for lead transport are set as:
1) At the anode
ac
D * Ph (k Ph) E I Ph J- -- + +v c = C
Ph ax e m Ph x=O 0 w
2) At the cathode
ac
D * Ph (k Ph) E I - Ph J- -- + +V C - C
Ph ax e m Ph x=L w
[5-13]
[5-14]
Note at all times that concentration of Pb(II) in anode compartment coPb remains
zero.
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5.4 N03- Transport
The mass transport equation for N03- can be given similarly as that of the other
three species. The boundary conditions are same as those of lead.
N03- is the least reactive species compared with other three, and it does not have
a significant importance in the electrokinetic removal process of lead. Inclusion of N03-
in the model is main!y to maintain the charge neutrality of the system. Therefore the
presence of this species itself in the model does not have a definite meaning. Therefore,
we are not concerned about the fate of N03-, but predict the charge concentration that it
represents which is used to achieve the electrical neutrality in the system and to analyze
the distribution of the electrical field.
By preserving electrical neutrality as described in equation 4-24, the concentration
of N03- can be obtained simply from
.3
C - =LZC
N03 j=l j j
[5-15]
where j = 1..3 refers to H+, OR, and Pb2+. Note, we are assuming cj an average value at
an element so that a numerical solution can be carried out easily. Figure 5.1 describes
the implementation of this assumption.
5.5 Chemical Reactions With Pb(II)
In section 4.5, a number of chemical reactions involved during electrokinetic
processing were discussed. Besides water auto-ionization reaction, reactions associated
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with lead, including sorption/desorption and precipitation/dissolution, are examined below.
They are presented in the mass transport equation 5-12 as R pbs and RpbP respectively.
Algebraic equations describing these processes are developed to evaluate their influences
assuming the maintenance of local equilibrium.
5.5.1 Precipitation/Dissolntion
Equation 4-33c presents a general form of weak base reaction in aqueous phase.
pH change is the major factor that influences the reaction direction and production rate.
A reasonable conclusion can be drawn that precipitation reactions will most likely take
place near the cathode side where there is a higher pH environment.
Lead hydroxide precipitation/dissolution reaction is
Pb(OH) ~ Pb 2+ + 20H-
2
and the equilibrium of this state requires
c
2
C ::::; K = 2.8 * 10-16
OH- Pb Pb(OH)
2
[5-16]
[5-17]
From equation 5-16, 2 moles of OR is required per 1 mole of Pb(II) to generate
1 mole of Pb(OH)2' This means that the change in hydroxyl molar concentration due to
the precipitation reaction is twice as the change in Pb(II) molar concentration. Therefore,
[5-18]
Hydroxyl ions also participate in water auto-ionization as described in Equation
5-9. The total change in OR concentration is the sum of the changes in H+ and Pb(II)
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concentrations due to precipitation/dissolution reaction. The decrease of concentration due
to consumption is always defined as a positive value in mass transport equations (refer
to the expressions of Rs).
5.5.2 Lead Adsorption
Lead ion, Pb(II) present in pore fluids, is highly adsorbed by clay minerals.
Selectivity of kaolinite for Pb is higher than Ca, Cu, Zn, and Cd (Alloway 1990).
According to Yong et al. (1990), for a given type of clay lead adsorption is mainly
controlled by its concentration and the pH value of the solution. Figure 5.2 presents the
experimental data reproduced from Yong et al. (1990). Their results showed that the ratio
between adsorbed lead to total lead in kaolinite increases linearly with pH increasing up
to 5.
The following empirical relation developed by Alshawabkeh and Acar (1996) is
used in this study to represent the lead adsorption of kaolinite at different pH values.
R S =0.27c (pH -1) 1.0 <pH < 4.7
Pb Pb
R S = 0 pH < 1.0 [5-19]
Pb
RS = 0.011 pH>4.7
Pb
where Cpb is the total lead concentration including both adsorbed and solute concentration
in M (mol/L).. When pH is larger than 4.7, the adsorbed lead no longer fits the
experimental data which was obtained in a dilute concentration (Yong et al. 1990). The
largest possible adsorbed lead is limited by the cation exchange capacity, CEC of the clay,
and thus the maximum value can be estimated through CEC = 1.06 meq/kg. Usually
adsorbed lead is expressed in the concentration unit of mg/kg. Accordingly,
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• Total Pb =0.05 cmol Hlkg soil (0.05 mcq/lOOg)
• Total pb=0.5 emol H/kg soil (0.5 meq/lOOg)
• Total Pb=5.0 emollkg soil (5.0 meq/lOOg)
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equation 5-19 can be transferred to
n
s = R S (-) (207.2 *1000) 1.0 <pH < 4.7
Ph Ph P
d
S = 0 pH < 1.0 [5-20]
Ph
6 pH>4.7s = 0.5CEC * 207.2 *10Ph
where n is soil porosity, Pd is its dry density, 207.2 is atomic weight of lead. Spb in
Equation 5-20 gives the adsorbed lead in mg/kg.
This empirical relation is also plotted in Figure 5.2 to compare with the
experimental data.
Although several chemical reactions have been considered in this study, they only
reflect a part of the complex reactions and the effort to quantitatively account for part of
these reactions. We know that the same ion can form multiple species in the solution,
especially metal ions in weak acids. The redox potential, pH environment, electric field
strength, and ion concentration in the solution will all affect the existing form of the metal
ion. Further-work-is needed-to-understand and qualitatively evaluate -the complexity of
ion reactions during electrokinetic processing.
5.6 System Set-up
Untill now, we have analyzed the transport equations for lead transport in the
presence of multispecies in pore fluid. In this system, 11 unkown variables are needed
to be solved. They are: four concentrations, i, E, R H+> ROH-U, ROH_P' R pbs, and RpbP. Three
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mass transport equations 5-6, 5-11, 5-12, and equation 5-15 are used to handle the mass
transport processes. They are supported by boundary conditions as described in equations
5-2,5-5,5-7,5-8,5-13 and 5-14. Equations 4-37 and 4-40 are solved for E and i, and
equations 5-9, 5-10, 5-17, 5-18 and 5-19 are solved for all the chemical reaction terms,
Rs. These equations form the complete model system for lead transport by
electrokinetics.
The method of numerical simulation of this model system is developed next.
Solution procedure is given in the detail of the gen~ral form of the partial differential
mass transport equations presented in this chapter.
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CHAPTER 6
NUMERICAL IMPLEMENTATION
6.1 Finite Difference Method
For the one-dimensional mass transfer equation 4-36, finite difference method
(FDM ) is an efficient computation process in seeking the numerical solution. A possible
numerical dispersion can be avoided by proper spatial and temporal discretization. Since
the FDM is based on the principle of mass conservation, the mass balance discrepancy
at each step should be very small.
6.1.1 Discretization Method
The partial derivative Bc(x,t)/ax may be approximated through forward, backward,
or central difference. These three interpolation methods are all developed from the
definition of partial derivative and the Taylor's expansion.
Figure 6.1 gives a detailed illustration for forward difference, while a scheme for
all three methods is shown in Figure 6.2 .
From Figure 6.1, forward difference in space for Bc/Bx is
( J
c - c
: \' = _i_+~_x _i
i
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Ly = d
[6-26]
Dc = y
Thomas algorithm is composed of a forward iteration process to seek for matrix
decomposition and a backward iteration process to obtain the solution.
Forward solution:
for i=l WI = bIlal ; gi = di/a l
i=2, 3, , n-l Wi = bi / ( ~ - eiwi.1 )
i=2, 3, , n gj = ( di - eigi:1 )/( ~ - eiwi.1 )
Backward solution:
for i=n-l, n-2, .... , 2, 1
The convergence is checked to satisfy the following condition
k+ 1(n)
C.
1
k+l(n+1)
C.
1
k+l(n)
- C
i
s e
ITor
[6-27]
where error is the preset data dispersion tolerance.
6.4 Incorporation of Initial and Boundary Conditions
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data. Control is determined by messages that pass between objects.
The core concept in OOP technology is the so called "object". Objects are
physical instantiation of a class. Each object belongs to a class. A class provides a
description for objects of a particular type. The class description is made up of attributes
and operations which together comprise a set of class members. Attributes define the
state of an object and operations govern the behavior of an object. All these concepts
form the basis of object-oriented paradigm.
An OOP language like C+: allows a high degree of reuse which certainly leads
to the increased productivity and an easier-to-maintain system. Programs using object-
oriented language are relatively easy to modify. Yet the most advanced aspects of OOP
lie on its powerful libraries for graphical user interface design. Using C++ in the
electrokinetic modeling programs leaves room for future expansion of the programs into
a more integrated software.
7.2.2 Class Hierarchy
Figure 7.1 presents the conceptual structure of the programs. The classes are
developed based on this structure.
Each specie is defmed as an aggregate object which is composed of several objects
that are defmed by various classes. In Figure 7.1, each specie is defined by its physico-
chemical properties, its initial concentration distribution and its concentration history (the
concentration distribution for a species along the time step). Both distribution and history
classes are directed to the solver and are assigned value through the class of value
distribution.
There are 6 classes and 2 library functions defined in the simulation programs
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Figure 7.1 Structure Diagram for Electrokinetic
Mass Transport Computing Programs
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which are utilized by the main program to conduct the simulation process. These classes
and functions are described below;
ekconcen. c A species object class that represents the concentration of a species
across soil colurrm. It has two attributes: number of space element
and values of concentration. It also has several methods that enable
it to manipulate the concentration distributions. It inherits from
class ekvalued.c.
ekconchi.c This class represents concentrations across time and space. It
records the concentration history. It has attributes of time points
and space points. It is constructed on class ekconcen.c.
ekinit. c A class that reads and operates initial conditions. It works by a
method that assigns initial values and conditions to different objects.
eksolver.c An object class that solves mass transport equations for each
species. It has methods that distribute calculated coefficients to all
points.
ekvalued. c An object class that represents the distribution of a value across the
soil column. It also has two attributes: number of points and the
value. It has methods that operate on any value generated through
the simulation process.
tokenzr. c This class offers the methods that define ways to identify the input
characters. These methods are used in ekinit.c for reading the input
file.
eksoilpr. h Describes general properties such as initial electric field and length
of soil sample.
ekspecco. h A structure that represents the properties of chemical species.
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The main program controls time step. It calculates the coefficients and evaluates
the chemical equilibrium at each time step and at every iteration level. It assures the
convergence of the simulation, analyzes the generated data, and creates the output files.
More efforts can be made here to separate some processes from the main program to keep
the main program simple.
7.2.3 Flow Chart for Modeling Lead Transport
A traditional flow chart of the program modeling lead transport is given in Figure
7.2.
Program starts by initializing the objects for each species. Eldnit ftrst reads in data
from input data me, then these data are categorized into several different groups according
to the properties they describe. A structure derived from ekspecco is used to store the
properties of each species. Species objects are initialized with the concentration data.
Initial electrical field and the length of soil sample are put in structure derived from
eksoilpr which is designed to hold the general properties that are same to all species.
Ekvalued is used to distribute the concentration profile into a desired density of space
points. This is important to easily change the element size or assign data to any point.
Coefftcients for solving the PDEs are then computed in the main program with the
furnished concentration promes through those species objects. The results are passed into
eksolver to formalize and solve the numerical equations, one species each time, using the
scheme that is discussed before.
After the concentration profiles for the first three species are obtained (H+, OH-,
Pb(II) ), the chemical reactions are evaluated. Assuming that every equilibrium is
maintained (referring to section 5.5), a convergence standard is set so that the difference
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between the lead concentration in solution before and after chemical reactions is within
a preset tolerance.
N03- is then calculated through charge neutrality. Note here that only the
concentration of dissolved lead participates in the calculation of the charge neutrality,
electrical field and mass transport.
New electrical field strength E is computed and compared with the initial value.
If the error falls within the tolerance limits, then the processing continues; otherwise the
PDEs are solved with new set of electrical field values and the process is repeated until
the convergence standard is satisfied.
Electric conductivity (a *) and pH value at each point are calculated then*. All the
concentration profiles are recorded by ekconchi objects.
Next step is taken forward in time.
* Note, in the case hydraulic advection is considered, the hydraulic pressure profile (pore pressure)
can be calculated here using final electrical field data at each time step.
7.3 Modeling Lead Transport
Some initial data input is necessary to perform the computation,-. Parameters
required for modeling lead transport and removal include: properties of soil and ion
species, initial and boundary conditions. Among these parameters, coefficients related to
chemical reactions and lead sorption/desorption have been discussed before. Accurate
estimates of these parameters are critical for a good prediction using the model. For a
qualitative model whose main purpose at current stage is to asses whether or not it could
provide a reasonable prediction, accurate values of parameters 1ll1d constants are not
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sought through strict experiments. All data used in the program and presented below are
evaluated either through previous laboratory tests conducted at Lehigh University or
approximated from data reported in the literature. To compare with the results of other
models especially with those of Alshawabkeh and Acar model (1996), the measurement
units used in this model are similar with theirs. The units chosen for input and output
data are listed in Table 7.1.
7.3.1 Tortuosity Factor of Soil
Kaolinite is chosen as the porous medium used in this model. Table 4.1 indicates
that the tortuosity factor, 't, varies from 0.1 to 0.5. A value of 0.25 is used in this model
following Alshawabkeh and Acar (1996) model.
7.3.2 Diffusion Coefficients
Diffusion coefficients are previously presented in Tables 4.2 and 4.3. Diffusion
values are directly taken from these tables. Equation 4-8 is used to apply the diffusion
of ions in porous media by multiplying with the tortuosity factor 't. Electro-migration
mobilities in dilute solution are also obtained from these tables.
7.3.3 Electroosmotic Permeability
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Table 7.1 Units of Parameters Used in Program
Parameter
Length (L)
Time (t)
Faraday's Constant (F)
Concentration (e)
Adsorbed mass or in precipitation
Diffusion Coefficient (D)
Electroosmotic Permeability (ke)
Electro-migration Mobility (vm)
Electric Potential (¢)
Electric Field (E)
Current (1)
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Unit
em
day
Coulomb/mol
mol/l
mglkg
em'lday
em'lV'day
em'lV'day
Volt
V/em
A
As discussed in section 4.4.2.2, the coefficient of electroosmotic permeability is
around 10-4 to 10-5 cm2/Vs for kaolinite. For lower activity clays and at higher water
contents, this value is higher. Most researchers have used a l<e value on the order of 10-5
cm2/Vs. Mitchell and Yeung (1991) used a value of 2x lO-5 cm2/Vs for illitic Altamont
clay. Alshawabkeh and Acar (1992) used 1x 10-5 cm2/Vs for kaolinite. Hamed (Hamed
et aL 1991) reported a maximum l<e value of 10-5 cm2/Vs in lead-spiked kaolinite samples.
A constant value of 10-5 cm2/Vs is used in current analysis for electroosmotic
permeability.
Table 7.2 gives the values of constants that used in the current model. The
compositional and engineering properties of Georgia kaolinite which works as the porous
media in the model are summarized in Table 7.3.
7.3.4 Initial and Boundary Conditions
The boundary conditions that are applied to solve the mass transport equations
have been discussed in Chapters 4 and 5. In the modeling system, there are 3 partial
differential equations describing the transport of H\ OH-, and Pb(II) which require 6
boundary conditions. N03- is solved through the preservation of electrical neutrality.
Initial concentrations for H+ and OH- are taken as 10-5 M and 10-9 M respectively
assuming the soil pH is 5 at the beginning. Initial lead concentration is taken as 0.05 M
or 3223 mg/kg. Note, all these initial values are taken only to supply rational information
to model a case of lead transport and to verify the model's predictions. They are subject
to change when modeling a specific experiment.
123
Table 7.2 Values of Parameters Used in Modeling
Multi-species Transport
Parameter Value
F 96,485.31 C/mol
r 0.25
DH + 8.05 em2/day
DOH_ 4.57 em2/day
D 2+ 0.82 em2/dayPb
DN03- 1.64 em2/day
ke 0.864 em2/V'day
T 298 K
L 20 em
n 0.56
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Table 7.3 Characteristics of Georgia Kaolinite (From Hamed 1990)
Mineralogical Composition (% by Weight)
Kaolinite 98
Illite 2
Index Properties (ASTM D 4318)
Liquid Limit (%) 64
Plastic Limit (%) 34
Specific Gravity (ASTM D 845) 2.65
% Finer than 2 \lm Size 90
Activity 0.32
Porosity 0.56
Cation Exchange Capacity (meq/100gm of dry soil) 1.06
Maximum Dry Density (tons/m3) 1.37
Optimum Water Content (%) 31.0
Initial pH of Soil a 4.7 ~ 5.0
Compression Index (CJ 0.25
Permeability of Specimens Compacted at the Wet of 6 ~ 8
Standard Proctor Optimum (x 10-8 cmfsec)b
a pH measured at 50% water content
h Flexible Wall Permeability at Full Saturation
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After the initial sorption reaction, the lead concentration in solution together with
hydrogen and hydroxyl concentrations are used to obtain the initial value of nitrate
concentration. Since the nitrate ions presented in the model are less reactive and is
chosen to bal~ce the electrical charge, they are of less importance in the analysis of the
system. Table 7.4 lists the initial and boundary conditions used in the program.
Since the species concentrations change greatly with time, the range of time
increments for obtaining a stable solution also changes in time, so does the element size.
There is no available formulation specified to choose the time step and element size for
a stable solution of modeling a system with such dramatic change in its parameters.
Various combinations of time steps and element sizes were tried in the model. For a
specific element size, different time steps were used until a relatively stable solution was
obtained. It should be noted that "a relatively stable" means that in most trials, the
program becomes unstable when a steep concentration gradient forms close to cathode
side and thus a sharp front of electric conductivity develops in this area. This leads to
the first and second derivatives of voltage in the transport equations to become too large.
This often happens in the late stages of the modeling, for example, after four or five
weeks in time of transport. More analysis and suggestions on this observation are given
later.
A time step of 0.1 day and a finite element size of 2 mm are used in computing.
Choosing such a fine element size was mainly due to avoiding the possible problems
caused by boundary flux. When time step is changed, the numerical solution also change.
But the solutions fall into a narrow range and a convergent solution is achieved always.
7.4 Results and Analysis
Program was run on RS/6000 IBM workstation to give predictions on lead
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Table 7.4 Initial and Boundary Conditions
Initial Values Boundary Conditions
CH + 10-5 M equations 5-2, 5-5
COH- 1O-9 M equations 5-7, 5-8
C 2+ 0.05 M equations 5-13, 5-14Pb
E 0.1 Vjcm algebraic equation 4-37 (no BCs)
i1¢ = 2 volt
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(transport and removal using the preset conditions and initial data given above. Due to
time constraints, no matching experiments were conducted in lab. Therefore the analysis
of the results are made mainly based on previous research data and the emphasis is put
on qualitative discussion of theoretical rationale of the predictions.
7.4.1 H+ Transport and pH Distribution
H+ is the prevailing species in a multi-component electrokinetic process, as was
been discussed in Chapter 3. H+ generated from the anode reaction is driven through the
soil column by electric field and convection flow, meets with OH- that is generated at
cathode side and reacts complying to the water phase chemical equilibrium. This flux
changes the pH environment of soils and fluids, and greatly influences the physico-
chemical properties of soils and chemical equilibrium of ionic species and thus influences
the transport process of other species.
Figures 7.3, 7.4 and 7.5 describes the transport of H+ and OH-, and soil pH
changes in time across the soil predicted by the model, respectively. The mass flux of
H+ at anode decreases pH of soil at anode side to around 2, while flux of OH- at cathode
increases soil pH near cathode to about 7 (Figure 7.5).
Previous research showed an increase of pH to above lOin cathode compartment
(Pamukcu and Wittle 1992, Acar and Hamed 1991). fu Figure 7.5, the pH only increases
to about 7 at the cathode end of soil specimen. Report from Wittle and Pamukcu (1992),
shows that there are buffer effects between electrode compartments and soil column.
While the pH in the catholyte rises to 10-11, the value in soil that is close to the cathode
may not be that high.
Besides the buffering effects, one more reason why pH in the soil at cathode end
is lower compared with its value in the cathode compartment is the continuous consump-
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Dissolved lead continuously transports towards the cathode under the electric field.
The precipitation reaction taking place in a region near the cathode consumes the
dissolved lead. This is the main reason of the. presence of low Pb(II)' concentration in that
region (Figure 7.9). This leads to a low conductivity ill the region and a high potential
gradient over it. The high E value drives ionic lead faster towards the cathode and further
decreases Pb(ll) concentration in the region. Because the electric potential difference used
in this simulation is relatively weak (2v/20cm), the high lead concentration front did not
move as quickly as the field strength decreased. Transport rate of lead is slow at the
normalized distance between 0 - 0.1 and the balance of the electromigration and diffusion
results in the formation of high lead concentration front in this zone.
Adsorbed lead profile is presented only at the 35th day of processing besides its
initial uniform distribution. A significant change of adsorbed lead concentration was not
observed from model prediction until after about 30 days. As a result of decreased Pb(II)
concentration and/or the decreased pH in soil pore fluid, the desorption starts at that time
and a decrease of adsorbed lead concentration is observed. The desorption first occurs
at a location in soil where the decrease of both pH and Pb(II) are the most significant.
Very close to the cathode side, desorption is not observed due to a high pH environment
(Figure 7.10).
The lead precipitation profile (Figure 7.11) displays the weighted concentration
distribution of Pb(OH)2 instead of Pb(ll) only. Precipitation, like adsorption, retards lead
transport, but at the same time decreases the Pb(II) concentration in pore fluid. As lead
transport continues, the lead precipitation within a narrow zone very close to the cathode
can go significantly high. This high lead precipitation near the cathode could also
decrease the soil porosity in that region, block the flow path, and thus decrease the E-O
flow. The net effect will be a decrease in the efficiency of electrokinetic processing.
Enhancement techniques to prevent such a precipitation, such as the use of pH controlling
agents at the cathode can be employed.
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The total lead transport and removal is shown in Figure 7.12. The model predicts
an overall fall of lead concentration across the soil except in a thin film at the cathode
side. In that zone, the total lead increases from initially below 4,000 mg/kg to about
9,000 mg/kg after 35 days. That increase is largely contributed by lead precipitation.
A relatively low rate of mass transport is predicted using the model. This is due
to the low potential difference applied across the soil specimen (2 volt/20 cm). The low
voltage generates low electrical current and thus leads to a low rate of transport. Again,
the reason for using low initial electric field was because of the finite difference. method
that employed in this model and also because of the constant electrical potential difference
condition under which this model is developed.
A high electrical field generates a high current flow which is used in the boundary
conditions for H+ and oa (Equations 5-2, 5-8). Finite difference method is not good at
handling flux boundary conditions which vary greatly, and a higher current presented in
the boundary equations could lead to numerical instability and give unrealistic solutions.
Choosing a lower electric field can avoid such computing problems. Reports from both
Lehigh's experiments and Alshawabkeh and Acar (1996) record a low initial voltage
difference across the specimen. Alshawabkeh and Acar (1996) use an even smaller initial
field strength « 0.1V/cm) in their modeL
In this work it was attempted to model the mass transport process under a constant
applied potential difference across the soil column. Varied voltage that can be achieved
by controlling the electrical current is not available in this program. In future modeling,
a step voltage may be used to reach a higher transport rate. Accordingly experiments are
required to check with the model prediction.
The predicted concentration distribution of N03- is given in Figure 7.15. Since the
nitrate concentration is computed from charge neutrality and Pb(II) has the biggest value
of charge valence and initial concentration, the predicted nitrate concentration profile is
very similar to dissolved lead concentration profile (referring to Figure 7.9) except its
value was influenced by the increasing concentration of hydrogen ions.
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CHAPTER 8
CONCLUSIONS AND RECOMMENDATIONS
8.1 Summary and Conclusions
Pollution of natural resources, especially due to heavy metal contaminants, is paid
more and more serious attention to preserve the environment of planet earth. There are
currently a variety of remediation technologies but most of them can barely handle soils
with low hydraulic conductivities and their efficiency in restoring metal contaminated
fme-grained deposits is usually undesirable. Innovative in-situ remediation technologies
are in demand.
Electrokinetic soil processing is a promising and cost-effective technology that has
emerged in recent years. Low level direct electric current is applied to contaminated soils
which generates electrical field between electrodes through the soil. Electrolysis reactions
at the electrodes produce acid or base concentrations. Hydrogen ions transport from
anode toward the cathode under the electrical field while the hydroxyl ions transport from
cathode to anode. Due to their different transport rates, an acid front develops and moves
toward cathode side and leads to an acidified soil environment. Low pH values cause
desorption and dissolution process of metal ions that are adsorbed by soil particles or
present as precipitation products in the soil pore fluid. Chemical species in pore fluid
transport toward different electrodes depending on their electric charge, driven by
chemical gradients, electroosmotic flow, hydraulic gradient (if any, in a porous media with
moderate hydraulic conductivity), and electrical field. Many experimental studies on
electrokinetics have already demonstrated its feasibility of removing heavy metal
contaminants and other cationic species from soils.
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A modified mathematical model is developed to describe the process of
multicomponent species transport under transient electrical field. Princip~es of mass
conservation are applied to formulate one-dimensional flux equations for charge, species
and fluid in saturated porous medium. Chemical reactions, such as electrolysis,
precipitation! dissolution, sorption! desorption and water auto-ionization, are studied and
included in the model. A constant electrical voltage difference across the ends of soil
column and a changing electrical field are simulated by the model.
Finite Difference Method is used for numerical discretization to obtain solutions
of the partial differential equations. An object-oriented program (OOP) is developed to
perform the numerical modeling for one-dimensional transport of Pb(II) , hydrogen,
hydroxyl and nitrate ions under constant voltage difference condition. The program is
also capable of modeling the process under constant current condition, as well as
including the consideration of pore water pressure after a few simple modifications.
The model predictions describe reasonably well the mass transport process in
electrokinetic processing, along with the change of electric field and electric conductivity.
Several major conclusions from the model predictions are summarized below.
1. A non-linear yet unperturbed distribution of electrical potential difference
across the column is expected. The tendency of the electrical potential
change is understood and rationalized.
2. The decrease of electrical current under constant voltage difference is due
to the decrease of overall electric conductivity which is the result of ion
transport and removal from the soil. The precipitation of lead hydroxides
and the movement of acid/base interface are major contributing factors for
non-linear electric potential distribution.
3. A lower pH in cathode soil than in cathode compartment is observed due
to the buffer effects, the water auto-ionization and lead precipitation
reactions.
149
4. The electrical field developed in soil close to the cathode results in a
large electrical gradient which causes numerical difficulties and leads to
unstable computation after 35 days of simulation. This high electrical field
occurs where sharp fronts of species concentration and pH profiles are
observed. Finer discretization of this zone is required for accurate
modeling of the process.
5. The continuity of mass transport and the stable state of the modeling is
controlled by the transport of hydrogen and hydroxyl ions. Cations are
continuously transported towards the cathode and accumulate there as long
as there is continuous transfer of hydrogen and hydroxyl ions. Higher or
lower initial cation concentration (Le., Pb(II)) do not influence the
stability of the model because at a late stage of the processing, hydrogen
concentration distribution becomes dominant over other species (higher
mobility and concentration) and so does its gradient close to the cathode.
8.2 Significance of This Study
A brief comparison of this study with previous model results is summarized below.
The model developed in this research brings together a multicomponent system,
transient electrical field and complex chemical reactions. Model predictions of this study
can better describe the reality of the electrokinetic process than single species transport
model or a model with a constant electrical field assumption.
Of all the published models, only the one developed by Alshawabkeh and Acar
(1996) is comparable with this model. The other recent model from Denisov et al. (1996)
does not take into consideration the chemical reactions and does not have a convincing
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APPENDIX B
SAMPLE INPUT AND OUTPUT,FILES
167
Program lists can be obtained through Fritz Engineering Library at Lehigh
University.
The followings are the sample input and output files of the program. Due to the
length of the files, not all data is listed here.
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Filename: input.dat
#
# # signs are comments so one can use these lines
# to enter reminders about the data used
# for the simulation
#
#
# any line that starts with a keyword and is followed by an = sign is a
# data line
#
# blank lines are ignored
#
# keyword nSpec is the number of species
nSpec = 4
#
# KeyWord EO is the Electric field strength
EO = 0.1 # in volts/cm
#
# keyword path is the actual length of the specimen
path = 20.0 # in cm
########################################################
## ##
## Now The Species Follow. Each Line is of The ##
## Form: species# : property_name = value ##
## ##
########################################################
0: name
o: Vceff
0: Vmo
o: alpha
o: beta
= hydrogen
= .864
= 78.96
= .229
= 60.2
# name of species; note H+ is always the first ion in input file
# electroosmotic permeability
# electromigration mobility in dilute solution under T = 298K
# coefficient for calculating equivalent conductance
# the other coefficient for equivalent conductance
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o: Deff
o: charge
o: retard
2.028
1.00
2.6
# diffusion coefficient with tortuosity 0.25
# charge valence
# H+ retardation factor
#
# next species
#
1 : name = hydroxyl
1 : Vceff = .864
1: Vmo = -44.88
1 : alpha = .229
1 : beta = 60.2
1 : Deff = 1.152
1 : charge = -1.00
1 : retard 0.56
#
#next species
#
2 : name = lead
2 : Vceff = .864
2: Vmo = 16.094
2 : alpha = .458
2 : beta = 120.4
2 : Deff = .20664
2 : charge = 2.00
2 : retard = 0.56
#
#next specie...
#
3 : name = N03
3 : Vceff = .864
3: Vmo = -16.094
3 : alpha = .3237
3 : beta = 85.15
3 : Deff = .41328
3 : charge = -1.00
3 : retard = 0.56
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########################################################
## ##
## Now The Initial Concentration Vals Follow. ##
## For each specie, we need ##
## species#: ValinSoil = value # values inside soil column ##
## species# : ValatZeroPt = value # value at anode interface ##
## species#: ValatEndPt = value # value at cathode interface ##
## ##
########################################################
# first specie -> H+ # ValinSoil is required to have at least 3 values
o: ValinSoil =' .00001, .00001, .00001, .00001, .00001
o: ValatZeroPt = .00001
o: ValatEndPt = .00001 # all in units of molell
# next specie -> OH-
1 : ValinSoil = .000000001, .000000001, .000000001, .000000001, .000000001
1 : ValatZeroPt = .000000001
1 : ValatEndPt = .000000001
# next specie -> Pb2+
2 : ValinSoil = .05, .05, .05, .05, .05
2 : ValatZeroPt = .05
2 : ValatEndPt = .05
# next specie -> (N03)-
3 : ValinSoil = .10, .10, .10, .10, .10, .10, .10, .10, .10, .10, .10
3 : ValatZeroPt = .10
3 : ValatEndPt = .10
# End of Input
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Filename: pH.dat
======== time = 1.00000 day ======== ======== time = 10.00000 day ========
xjL
0.000000
0.050505
0.101010
0.151515
0.2b2020
0.252525
0.303030
0.353535
0.404040
0.454545
0.505051
0.555556
0.606061
0.656566
0.707071
0.757576
0.808081
0.858586
0.909091
0.959596
1.000000
pH
2.671391
2.667659
2.751850
2.990498
3.411111
3.978393
4.561890
4.903042
4.987257
4.998674
4.999889
5.000048
5.000337
5.001947
5.011338
5.069308
5.608430
6.930855
6.936133
6.956827
6.971460
xjL pH
0.000000 2.636131
0.050505 2.629221
0.101010 2.622680
0.151515 2.618162
0.202020 2.615606
0.252525 2.614668
0.303030 2.614915
0.353535 2.615921
0.404040 ,2.617336
0.454545 2.618916
0.505051 2.620573
0.555556 2.622495
0.606061 2.625379
0.656566 2.630697
0.707071 2.640939
0.757576 2.660159
0.808081 2.695624
0.858586 2-.762471
0.909091 2.897055
0.959596 3.306756
1.000000 7.019555
The files listed here are not complete.
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Filename: Pb(ID.dat
======== time = 1.00000 day ======== ======== time = 35.00000 day ========
x/L
0.000000
0.050505
0.101010
0.151515
0.202020
0.252525
0.303030
0.353535
0.404040
0.454545
0.505051
0.555556
0.606061
0.656566
0.707071
0.757576
0.808081
0.858586
0.909091
0.959596
1.000000
Pb (M)
0.0325678
0.0346762
0.0360833
0.0373752
0.0383931
0.0388494
0.0389732
0.0389963
0.0389996
0.039
0.039
0.039
0.039
0.0389998
0.0389986
0.0389917
0.0389637
0.0388437
0.0378833
0.0343538
0.0320722
xfL Pb (M)
0.000000 . 0.0199694
0.050505 0.0261792
0.101010 0.0229349
0.151515 0.0205932
0.202020 0.0187248
0.252525 0.0170195
0.303030 0.0154316
0.353535 0.014027
0.404040 0.0128131
0.454545 0.0118007
0.505051 0.0109403
0.555556 0.010171
0.606061 0.00943571
0.656566 0.00869472
0.707071 0.00792638
0.757576 0.00712336
0.808081 0.00631631
0.858586 0.00564364
0.909091 0.00545236
0.959596 0.007218
1.000000 0.00972191
* Limited by the size of output files, samples of output data for other species,
electrical field and conductivity, and other pertinent information are not listed here.
They can be found either through Fritz Engineering Library or from thesis advisor.
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